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Abstract

In cuprate superconductors doping is believed to create holes on the O-sites,
which couple antiferromagnetically with holes on the Cu-sites to form the so-
called Zhang—Rice singlets. Here we study a d-wave pairing state based on the
Zhang—Rice singlet states. Upper and lower bounds of an off-diagonal long-
range order parameter with d-wave symmetry for this state are estimated. We
also introduce a concrete model with on-site Coulomb repulsion and kinds of
antiferromagnetic interactions whose ground state is this d-wave pairing state.

PACS numbers: 74.20.—d, 74.20.Rp, 74.72.—h

1. Introduction

The mechanism of high-7; cuprate superconductivity has been attracting much interest since
it was discovered in 1986 [1]. In cuprate superconductors, electrons (or holes) in the CuO,
planes play major roles, and the importance of the Coulomb repulsion at the Cu-sites is
emphasized from the beginning [2-4]. However, theoretical understanding of its effects on the
superconductivity is still limited and is a challenging problem in condensed matter physics.

Most theories which start with viewing cuprate superconductors as doped Mott insulators
are based on the so-called Zhang—Rice singlet states [5]. In the undoped case, where there is
one hole per Cu-site in CuO, planes, the cuprates exhibit insulating antiferromagnetism due
to the strong Coulomb repulsion at the Cu-sites. When the system is doped, additional holes
are created on the O-sites. Because of a superexchange antiferromagnetic interaction, each
of the holes occupies a quasi-localized state on the four nearest-neighbour O-sites around a
Cus-site, forming a local spin-singlet with the hole on the central Cu-site. This singlet is now
referred to as Zhang—Rice singlet. The Zhang—Rice singlets become charge carriers moving
through the CuO; plane and condense into a superconducting state.
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This scenario is usually examined by using the —J model which is a single-band effective
Hamiltonian with antiferromagnetic interactions between nearest-neighbour holes on the Cu-
sites [5]. Despite its simple form, however, it is a formidably difficult task to rigorously
analyse the 7—J model, and whether the model really describes the cuprate superconductivity
has not yet been clarified. In the current situation, we think that a rigorous establishment of
occurrence of a superconducting state based on the Zhang—Rice singlets in a model with the
Coulomb repulsion and antiferromagnetic interactions, even if it is apart from the /—J model,
certainly gives us an important step towards understanding of the cuprates superconductivity.

In this paper, we study a simple d-wave pairing state expanded in terms of the Zhang—
Rice singlet states. It is shown that the pairing state is regarded as a condensed state of the
Zhang—Rice singlets in the background of a resonating-valence-bond state consisting of holes
at the Cu-sites. We estimate an upper bound on an off-diagonal long-range order (ODLRO)
parameter with d-wave symmetry for the pairing state as a function of doping concentration
0 < § < 1. Itis found that an upper bound has a dome structure with a maximum at § = 0.5
and becomes zero at § = 0, 1. We also estimate a lower bound on the ODLRO parameter
and show that ODLRO exists for sufficiently large doping concentrations. We then introduce
a model with on-site repulsion and kinds of antiferromagnetic interactions, and show that the
pairing state is a ground state of this model. A related model with infinitely large on-site
repulsion at the Cu-site is analysed in [6]. This model, however, has following disadvantages:
the Hamiltonian does not have spin rotational symmetry, and its exact pairing ground state
has less relevance to the Zhang—Rice singlets. Although the present model has still somewhat
artificial aspects, it is for the first time that the pairing state with d-wave symmetry which is
written explicitly in terms of the Zhang—Rice singlet states is realized as a ground state of the
concrete Hamiltonian.

This paper is organized as follows. In the next section, we prepare some notation and
give a definition of the Zhang—Rice singlet states. In section 3, we introduce a two-electron
state with d-wave symmetry, and, on the basis of the Zhang—Rice singlet states, we construct
a pairing state in which many electrons condense into this two-electron state. In section 4,
we discuss an expectation value of an order parameter with d-wave symmetry for the pairing
state. An upper bound for the order parameter is obtained in this section and a lower bound,
whose estimation needs somewhat technical calculations, is obtained in section 6. In section 5,
we introduce a Hamiltonian whose ground state is the pairing state which we construct. In
the final section, a summary and some remarks are given. In the appendix, we show that the
pairing state is non-vanishing.

2. Zhang-Rice singlet states

We start with the definition of a lattice. With even integers L; and L,, let

D =([1,L] x[1, L)) N Z?, @2.1)
which represents a collection of the Cu-sites. Let §' = (1, 0) and 82 = (0, 1). We define
P={ulu=x+68/2,1=1,2,x € D}, (2.2)

which is the collection of the mid-points of the nearest-neighbour bonds in D and corresponds
to the O-sites. Then we consider the lattice A = D U P, which mimics the CuO, plane. (See
figure 1.) For a technical reason, we impose periodic boundary conditions on A. For later
use, we introduce further the following sublattices of D:

D, = {x|x = (x1, x) € D with x; + x; being odd}, 2.3)

D, = {x|x = (x1, x2) € D with x| + x, being even}. 2.4)
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Figure 1. The lattice structure. The solid and open circles indicate the Cu- and O-sites, respectively.

Next we introduce fermion operators which annihilate or create holes with spin o =1, |
at sites in A. Any states with the number Ny, of holes can be constructed by operating these
operators on a state ®, with no holes on A. By d, , (d;,g) and py.(pi.c), we denote the
annihilation(creation) operators of holes at x € D and u € P, respectively. As mentioned in
section 1, each hole additionally induced in a CuO, plane with 1 hole per Cu is considered
to localize well at the four nearest O-sites of a Cu-site because of the antiferromagnetic
superexchange interactions between Cu- and O-sites. To describe this localized state on the
O-sites we introduce the following operators for each x € D:!

fr,a = % Z Pu,o- (25)

ueP;lu—x|=1/2

As is easily seen, the annihilation operator f,, and the creation operator fj, defined by
(2.5) do not anticommute when |x — x’| = 1, implying that the single-electron states
corresponding to (2.5) are not orthogonal. To avoid technical complexities arising from
this fact, we consider corresponding Wannier states. To do so, we introduce the fermion
operator f! = (1/v/D)Y" ) e p 12,0 and the reciprocal lattice

2 2 .
K= L—nl, L_n2 Iny€eZ,—L;/2 <n; < L;j/2 with [=1,2¢, (2.6)
1 2

and then define /1 5 = (1/5/ID) X fr o€ fork € K\((, m)} and frmy 0 = f}. We
normalize the f-operators as dx., = fr.o/| frll, where the normalization factors are given by
1 if k= (m,m),

\/1 + %(cos ki + cosky) otherwise.

I fell = (2.7)

The fermion operators corresponding to the Wannier states are defined by

1 y
o = —— Y dpqer™. (2.8)
VD] g

The a-operators defined as above approximate the f-operators well, and satisfy the canonical
fermion anticommutation relations {ai,g, a;f} = {a,.,0y.} = 0and {a;g, ay ) = 85,00k,
for o, =1, | and x, y € D. In the rest of this paper, we consider the Zhang—Rice singlets

by using the a-operators, instead of the f-operators.

' Here | - | represents the Euclidean norm. The same symbol | X | is used to denote the number of elements in a set X.
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Figure 2. The solid and open arrows indicate spins of the holes on the Cu- and O-sites, respectively.
(a) In the case of N, = |D|, every Cu-site is occupied by one hole. (b) When Ny, is greater than
|D|, every Cu-site remains to be occupied by one hole, and additional holes are created on the
O-sites. Each hole on the O-sites occupies a quasi-localized state, which is indicated by dot lines,
and couples to the hole at the central Cu-site to form the Zhang—Rice singlet.

The Zhang—Rice singlet around a Cu-site x is formed by holes occupying al,g and di,,.
This singlet is represented by the two-hole creation operator

yi=d al +adl dl . (2.9)

We assume that, in the case where the hole number is | D], each hole occupies a Cu-site.

Any | D|-hole state is then expressed by a linear combination of [ [, _, d;,gx ®y with o, =1, |

(figure 2(a)). We furthermore assume that N holes added in this state form Zhang—Rice
singlets. Then a (|D| + N)-hole state with 0 < N < | D| is written by using a set of states

(Hdim) IRAES (2.10)

X€EA yeD\A
where A is a subset of D with |A| = |D| — N and its compliment D\ A is a collection of sites
where the Zhang—Rice singlets are formed (figure 2(b)). Noting the relation
df ,®o = —sgn[ola,_o V| ®g @2.11)
where sgn[o] = +if 0 =1 and sgn[o] = — if 0 =, we find that (2.10) is rewritten as
<H ax,_(,,r> Wy =Wy, (2.12)
xXeA
with
Y, = H wyf @, (2.13)
yeD

up to a sign factor. Here o4 is a short hand for a spin configuration (o,),c4. We write Sy
for the collection of spin configurations {(oy)yecalox = 1, |, x € A}. It is easy to see that
(Vo Ypr,) = 2/P171AIY[A = Blx[oa = T3], where x[event] = 1 if ‘event’ is true and
0 otherwise. Thus the collection of states

{Wio,]AC D, oy €Ss} (2.14)

is orthogonal. For |D| < Ny < 2|D], let HIZVES be the Hilbert space spanned by the basis
states {W, »,} with |A| = 2|D| — Ny. The Zhang—Rice singlet states are defined to be states
in Hphg.
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3. d-wave pairing state

Assuming that Ny, takes an even number in |D| < N, < 2|D|, we consider a d-wave pairing

state in the Hilbert space HIZV}'QS. Let us define a pair operator { by
¢ = Z (cosky — coskp)d_y. | dx - (3.1
k=(k1,kr)ek

Recall thatdy , = (1//|D]) erD ax’(,e’ik'x are the Fourier transforms of a, . This operator

creates an electron pair with d-wave symmetry. For the hole number N, = |D| + N with a
Nh

positive even integer N, one of the simplest d-wave pairing states in H; g is given by

@, = (0™ (3.2)
with the number of pairs N, = (|D| — N)/2. Here we note that

ay,ax 1 Wo =0 (3.3)
since [y, .1, Wi ] = —d] yaxy —d] a,.;,sothat ®; is actually expanded in terms of (2.12).

In the appendix, we show that ®, is non-vanishing.
In order to see the real space representations of ¢ and ®,, we define the following
operators: for x € D

1 o
byo = 3 Z Ay o €™, (3.4)
yeD;|x—y|=1
and forx,y € D
¢ax 0= % o8 (x—y) (ax,iay,T + ay’iax,T). (3.5)
{x.y}

The operator ¢, y) corresponds to a two-electron singlet state formed by electrons on the
O-sites around Cu-sites x and y. By using these operators we can write ¢ as

£ =) aribey =Y by jac (3.6)

xeD xeD
or
=) ¢l 3.7)
{x.y)eB
where
B={{x,y}lx,ye D, |x—yl=1} (3.8)

is the collection of bonds in D (we assume that {x, y} = {y, x}). Let C(B) be the collection
of subsets B of 5 such that no two elements in B share the same site. Substituting (3.7) into
(3.2), and noting the relation (3.3), we obtain

oy =N! > [T ¢ %. (3.9)
BeC(B);|B|=N, {x,y}€eB
Therefore, the pairing state @, is regarded as a nearest-neighbour resonating-valence-bond
state (which is a linear combination of products of two-electron singlets) consisting of electrons
on O-sites with the background of the fully-filled Zhang—Rice singlets. .
Finally let us see the form of @, in terms of the hole creation operators. Let nig =dyody s
and define Pp = [],p, (1 —n{ ,n¢ ), which s the projection operator onto the space without
double occupancies of holes at the Cu-sites. By using this projection operator we can rewrite
Wy as

D] [D]
1 , 1 A a
B ; _ to S gt
Yo = 5D (E 1/&1) ®o =5 Pp <§ (diqdly +“k.¢dk,¢)> ©o,  G.10)

xeD kek



10420 A Tanaka

where dAk,g = (1//|D}) ZX eplxo e %* Then, noting two commutation relations

P S| AT gt s N
A yair, | Y (dhgat,  +alh.d )| | =—(dair+d'y aiy) (3.11)
L pek
and
5t s it s S| At At
—(d} iy +dy jay). | Yo (dh el +ald ) —2d} ", . (3.12)
L pek
we obtain

N, N
D, = ﬁPD (Z(coskz - COSkl)CiLTa?T—k,¢> (Z 1”) o

kel xeD

N
Z%PD ) [T () (Zwi) P (3.13)

BeC(B)B;|B|=N, {x,y}eB xeD
with

(¢ )" = de e (al L al | +dl dl ). (3.14)

To get the second line in (3.13) we used PDd aVT ., = 0. The operator (¢{ y})T corresponds
to a two-hole singlet state formed by holes at the Cu-sites. From expression (3.13) we find
that the state ®, can be regarded also as a projected state in which the Zhang—Rice singlets
condense and the remaining holes at the Cu-sites are forming nearest-neighbour singlet states.

Here it should be noted that, despite the form (3.13), ®,, does not exhibit long-range order
associated with the Zhang—Rice singlets. In fact, it is easy to see that

(®p, Yl @p) =0 (3.15)
for x # y, since there is no charge fluctuation on the Cu-sites. It is important to consider
long-range order associated with movable holes on the O-sites, which we discuss in the next
section.

4. Order parameter

In this section, we estimate the value of a d-wave order parameter for the state (3.2). Let

4.1
Z d){x v} |D|§ “4.1)
‘We then define
(D, ATAD,)
= [— M~ 4.2
HAN (@, @) (4.2)
s = ‘D‘l}vrgoo HANS (4.3)
N/|D|=5

where the limit is taken with N/|D| kept fixed to 6. This order parameter measures a long
range correlation between spin-singlet pairs corresponding ¢’
We firstly show that

N +1
(@p, ATAD,) = 20F > Y (®pal ,axobl  be o ®y) (4.4)
xeDo="1,]

{x.y}
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which is crucial for our estimation of s (recall N, = (|D| — N)/2). To see this, we observe
that

<(4°>N"‘1’0vainbi,wé)’v“”‘l’0>=<(c)NPdl,¢ [ W;¢0,bl,¢(§)N"+l‘~IJO>

yeD\{x}

=(1vp+1><<:>”val;,i [T vieonl boy@™al, ] w;d>o>

yeD\{x} yeD\{x}
= (Np+ D((©)"Wo, @] ya,1bL by | ()Y W), 4.5)

To get the second line we used the commutation relation
[cal,.al,¢] = sgnlolb. o, @.6)

which immediately follows from the real space representation (3.6) of ¢. Then, by using the
spin-rotation symmetry for ®,, (4.4) follows from (4.1) and (4.5).

By noting the inequality
(@, al jarobl _ybe o ®p) = (@, al yaxo (1 = by bl _,)Dy)

< (D, al ,ar0Dp) @.7)

and the fact that the number of a-holes (which are holes in the state corresponding to the
a-operators) is exactly N for @, we find that 115 » is bounded from above as

MAN<\/<N"”)(L>. )
’ EWAVT]

The limit is thus bounded from above as

s < 33/8(1 —6). (4.9)

As for a lower bound for s we have the following result. Let g < 6 < 1. Then we have
that

s = 5/ vs1(8)(1 = 8), (4.10)

where y; = % and

1(5) =

2n)? /k‘|< ep(k) x[€p(k) < €5]dk (4.11)

with €, (k) = (cos k; — cos k»)2. Here € is determined by

2

§=_—-_ k) < ] dk. 4.12
20 ) /|k,-<nX[eb( ) < 6] (4.12)

The inequality (4.10) means that the state @, exhibits ODLRO with d-wave symmetry for
g < 8 < 1. The calculation for this bound is somewhat complicated and technical. We defer
the proof to section 6. It should be noted that the above lower bound is not optimal at all
and never means that there is no d-wave pairing order in a low density region of holes. It is

desirable to obtain an improved bound in the future.
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5. Hamiltonian with ground state &,

So far we have constructed the pairing state ®, with d-wave symmetry and studied its
properties. In this section we propose a Hamiltonian H on A whose ground state is given by
D,

Let us define the number operator n{ ,, with o = 1, |, and the spin operators Sy ,, with
o =1, 2, 3, corresponding to the a-operators by

nt, =alac,, .1
S¢ ) =3al jacy +al acy). (5.2)
Sio = %(“;,Taxw - ai,ﬂm?)v (5.3)
t5 = glalpanr —ag jaxy). (5.4)
We also define
ny = ni‘,’T +ng . (5.5)

The number and the spin operators for the b- and the d-operators are defined similarly. By
using these operators, the Hamiltonian H is defined as follows:

H = Hy+ H, (5.60)
with
Hy=—eq Y ni+UY nin +1p> 8¢ 8% (5.7)
xeD xeD xeD
3 _
H] = ZJI Z Z (aiyoax,a +b;6bx,g)
xeDo=1,]|
3
+JIZ(535-5;1+5§-5;1+5§;-5§—an-nﬁ). (5.8)
xeD

Here, all the parameters, ¢4, U, Jy and J;, are positive, and g, is assumed to take values in
%JO < g4 < %Jo + U. It should be noted that one can rewrite H by using the d- and the
p-operators, although it has a somewhat complicated form. It is also noted that we do not take
any peculiar limit, such as U — oo and Jy — 00, and thus H acts on a whole Hilbert space
constructed by the d- and the p-operators.

We shall show that the lowest energy of Hy for the hole number N, = |D| + N with
0< N < |D|isey = —¢q| D] — %JON, which is attained by the Zhang—Rice singlet states in
Hygs.

Let N be the eigenvalue of Y _,, n?, the number of d-holes. Since N is a conserved
quantity for Hy, it is convenient to decompose the Nj-hole Hilbert space into the subspaces
with fixed Nf. We denoted by H%:,, the subspace with fixed Nf and by E (th ) the lowest

energy of Hy for the states in Hx‘;,.
h

Let us examine each term in Hy. The eigenvalue of the first sum in Hj is —stﬁ’ for

the states in Hx{‘,. The lowest eigenvalue for the second sum is zero which is attained by the
h

states without doubly occupied d-states. The eigenvalues of Jy.S% - Sﬁ are —%Jo, 0 and i]o.

We have eigenvalue — % Jo when each of the d-state and the a-state at site x is occupied by one

hole and furthermore the two holes in these states form the spin-singlet state.
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It immediately follows from the above observation that E(|D|) = &g, which is attained by
the states in Hgﬁs - H‘Agl. Inthe case 0 < Nﬁ’ < | D|, noting that there are th = |D|+N— Nﬁl
holes on the O-sites, we have

E(N!) = —e4N{ — 3 Jomin (N¢, NJ)
> g0+ ZJO [N — min (N{, N?)}
> &p. 5.9)
Here the second line follows from the assumptions 0 < %Jo < g4 and Nﬁ’ < |D|(or N < Nf ),

and the third line follows from N}f > min (Nﬁl, le). In the case |D| < N}‘l" < |D|+ N, noting
that there are, at least, (le — |D|) doubly occupied d-states, we have

E(N{) = —e4N{ + U(N{ — |D|) — 2 JoN/
=g+ (2Jo+U — &) (N{ — |DI)
> &. (5.10)

Here the final inequality follows from the assumptions &; < %Jo + U and |D| < N}f’ . Asa
result, we have E(N{) > &g for N{ # |D|, which proves the claim.

We have shown that the lowest-energy states of Hj are the Zhang—Rice singlet states in
HZRS In the following, we shall show that H, is positive semi-definite and &, in HZRS is its
zero energy state. This implies H = Ho + H; > &g and H®, = go®,. We thus conclude that
®,, is a ground state of H.

By a straightforward but somewhat lengthy calculation, one finds that H; is rewritten as

4
Hi = EJIZZZ ) k7 k(KM (5.11)

xeDm=l1 [=1
with
K}, =bl,a, d,, (5.12)
Kl,=J2(blacydes +0] jacsd ) — bl jayd. ), (5.13)
K)}.3 = \/Lg(bjc,rax,de,T - bi,ﬂx,idx,? - bi,¢ax,¢dx,¢), (5.14)
K, =—bl acqdey, (5.15)
and
K} =al b, d.,, (5.16)
K, = f( N ¢bx ydp +al 1bxrdy — i,lbx.¢dx,¢), (5.17)
K23 =J5(al iberdiy —al \beydiy —al berd.y), (5.18)
K2, =—al b.ydy;. (5.19)

It follows from this representation that H; is positive semi-definite. Therefore, the lowest
energy of H; is greater than or equal to zero, and any zero energy state ® of Hj, if it exists,
must satisfy (K7",)'® )T =0and K, ® =0forallm =1,2,/=1,...,4and x € D. We shall
prove that @, indeed satisfies these conditions.
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We start with the case of m = 1 and / = 1. By using the commutation relation (4.6), we
have

(K!) ¢ =dl al \boye =dl | (bon)?+2d] al by =t(KL,). (5.20)
This together with (K):’l)T 1 — 0, which follows from (a:ﬂ,g)z = (d;,(,)2 =0, leads to

(K )'@©%wy = @)™ (K! ) W = 0. (5.21)
From ax,¢dx,¢1ﬁl = _dx,iai,Tdi,ﬂx,l + ax,¢d;,T“i,¢d-w we immediately obtain

Kl (@MW = bl (6)Vay d. Yo = 0. (5.22)

We thus conclude (K!,)'®, = K! &, = 0 forall xin D.
Let us consider the cases of m = 1 and [ = 2, 3,4. Define spin-lowering and raising
operators as

§™=)_(a} avy +d} ydis), (5.23)
xeD

S = (alyany +d) 4dyy). (5.24)
xeD

From the results for / = 1 we have S*(K;,I)chp = 0. It is easy to see that S+(K;71)T =

ﬁ(K;,z)T + (K;,I)Ty’ S+(K)£,2)T = 2([(x1,3)T + (K;,z)TSJr* and S+(K)i,3)T = ﬁ(K;A)L +
(K;ﬁ)-" S*. Substituting the first relation into S* (K;’I)TCDP = 0 and noting S*®, = 0, we find
(K;’Z)Tdbp = 0. Repeating the same argument, we have (K1 3)T<I>p = (K):A)TCDP = 0. By

X,

using S™K! @, =0, S_K;!, = —«/§K;,2+K;,]S_, S‘K):,2 = —2K;3+K;,2S_, S‘K;Y3 =
—\/§K;’4 + K;’3S_, and S~ ®, = 0, we similarly obtain Kj,ld>p =0forl =2,3,4.
Proceeding in the same way, we obtain (Kil)TCD = Kil@ =0for/l =1,...,4and

x € D. This completes the proof of the claim.
We remark that the uniqueness of the ground state of H for each hole number is not proved
at present. We hope that this will be clarified in a future study.

6. Estimation of a lower bound for p;s

In this section we estimate a lower bound for ps. We will show later that

T T
((Dpv ax,aax,abx,_gbx,—a <I)p> > ]/A N (6 1)
(@5, by br—o Pp) o
with y x = syt for N > (8] D|)/9. Tt follows from this inequality that
Ny+13, (®p, bl oby o ®y)
> L Al — . 6.2
HaN \/VA,N 2P (@, o) (6.2)

Here, we have that

DD (@bl b ®p) =D Y (P (k)AL ,ar.q D). (6.3)

xeDo=%,| ke o=1,|
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and it is easy to find that the right-hand side is bounded from below by
N/2

2) e (k) (D, Dp), (6.4)
=1

where €, (k) < €, (k@) ... < €,(kPD) is an arrangement of ¢, (k) with k € K in ascending
order. Substituting this lower bound into (6.2) and taking the limit, we obtain (4.10).

In what follows, we prove inequality (6.1). By the spin-rotation symmetry for @, it
suffices to consider the case of 0 = 1. By the translation symmetry, we can also assume
x € D, without loss of generality . We first show that the left-hand side of (6.1) with o = ¢
is rewritten as

2scaxgs.isi=n, We(S) Y scpuxgs.isi=n, Wx(S)
2 ZScDe;m:Np W, (S) Z(ZSCDe;x¢S,\S\:Np Wi (S) + ZScDe;xes,m:Np W ($))

with the nonnegative weights

W (S) = <(H &Z> Wo, bl by | (1"[ $z> wo>, (6.6)

zeS§ zes

(6.5)

where ¢, = (b, a. 1 +a, b, 1). To see this, note that

¢ = Z bz,laz,T + Z bz,iaz,T = Z(bz,iaz,T +az,¢bz,T) = Z &z- 6.7)

z€De. zeD, z€D. z€D,
Then, since (cf)z)z\lJo = 0 (which follows from a; ja, 4 Wo = 0), @, is expanded as

@, = N,! Z (]"[ ¢> . (6.8)

SCD. \zeS
[S|=Np

Since a, 4 (]_[zes (7)1) Wy = 0 for x € § (which again follows from a; ja, + ¥y = 0), and

<<]‘[ éz) Wy, al wax bl by (]_[ J;z) \1/0> =0 for §'#S, (6.9

zes' ze§

we have that

(@p.al yasbl b @) = (ND? <<H¢> Wy, al wax bl by (]‘[&Z) w0>.

SCD. zes§ zes§
x¢S,|S|=N,
1
= 5(Np!)2 > W), (6.10)
ScD.
X¢8,|S|1=N,
To get the second line we used
(Wi®o, a sax 1 id@e) =1 = (yldo, vid) /2. 6.11)
Likewise, we have that
(®@p. b) e @p) = (D> Y Wi(S), (6.12)
SCDe;|S|=N,

which together with (6.10) leads to (6.5).
Before proceeding, we need to introduce some notation. For each z € D., define
D, . = {ylly —z| = 1,y € D,}, which is the collection of the nearest-neighbour sites of z.
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We say that z and 7" in D, are connected if D, N D,y # . For S C D. which does not
contain x, we call z an isolated point in S if z is not connected any other sites in S U {x}, and
write D, (§) for the collection of these isolated points in S. It is noted that, if y € D, (S'U{y}),
the weight W, (S” U {y}) is reduced as

W (S U {y}) = 3 W(S), (6.13)
since ai,_a with [y’ — y| < 1 commutes with bi,¢bx,¢ [1.cs ¢- and thus
o 1
(Wo. By Wo) = 3 D 3 (Yo.al,a v —atyo W) = 3 (Yo, W) (6.14)
YeD, o=1,|

[y'=yl=1
(Recall (6.11).) We denote by D,(Np,[) the collection of subsets S of D, such that
x ¢ 8,|S] = Npand |D(S)| =1.
Since the value of | D, (S)] is determined for each S C D., we have

NP NP
Y W®=) > W®=) D W) (6.15)

ScD. =0 SeD, (Ny,l) I=1 SED,(N,,1)
X¢S,|S|=N,

Now fix [ > 1. Noting that there are [ isolated sites in S € D, (N, [), we find
1
Yo W® =7 3 Y WSl € Du(S)]

SED, (Ny.l) SED, (Np,l) yeDe

LYY Y WSy € DS = S\l
[

SED, (Np.l) yeDe §'€Dy (N~ 1.1-1)

1 / ,
] Z W (5) Z ZX[YGD.x(S)]x[st U {y}]
§'€D, (Np—1,1-1) SED, (N,.l) yeDe
> o (5 - ow Y W) 6.16)
2N, \ 2 P

§'€D, (Ny—1,1—1)
To get the second line, note that removing an isolated pointin § € D, (N,, ) yields an element
in Dy (N, — 1,1 — 1). The third line follows from (6.13). The last inequality is obtained as
follows. Eachssite z in D, has eight connected sites. Therefore, forevery ' € D, (N,—1,1-1),
there exist at least | D.| — 9N, sites, y, such that y is an isolated point in §" U {y}, and S’ U {y}
becomes an element in D, (N, [). Note that | D.| —9N, is a positive number by the assumption.
Then, by using [ < N, we get the last inequality.
From (6.15) and (6.16) we get
Np—1

Yo W) > % <% - 9Np> Yoo W) (6.17)
p

ScD. =0 SeD,(Np—1,0)
x¢S,|S|=N,

Here, for x ¢ S, we have

(1_[ &z) Wy, ai,lax.ib;¢bx,TbL¢bx,L (1_[ &z) “I’IO>

zeS ze§

<<H éz> Wy, (1= bysbl )bl by y (1"[ éz) ‘I’o>
zes zes

< %WX(S). (6.18)

Wi (SU{x}) = <
1
2
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It follows from this inequality and (6.17) that

> W(S)/—p<@—9zv>z > WuSUfx)

SCD. [=0 SeD.(N,—1,D)
X¢S.|S|=N,
D
- (W —9) W), (6.19)
SCD.
x€S,IS|=N,

From (6.5) and (6.19) we obtain the desired inequality (6.1).

7. Summary and remarks

In this paper, for the even numbers Ny, of holes in |D| < N, < 2|D|, we have constructed
a pairing state ®, with d-wave symmetry which is expanded in terms of the Zhang—Rice
singlet states. We have calculated upper and lower bounds of the ODLRO parameter for @,
as a function of the doping concentration. We have also presented the concrete Hamiltonian
H = Hy+ H, (5.6) on the CuO, plain which has ®,, as its ground state. We have proved that
the lowest energy states of Hy (5.7) are the Zhang—Rice singlet states and then have shown
that, by using the positive-semidefiniteness of H; (5.11), the pairing state ®, consisting of the
Zhang—Rice singlet states attains the ground state energy of the whole Hamiltonian H. The
uniqueness of the ground state is not proved at present, and we leave this as a problem in a
future study.

It is noted that Hy with Jy = 0 becomes the Hamiltonian of the d—p (or 3-band) model in
the atomic limit [3-5], and Hy with Jy # 0 is essentially the same as the effective Hamiltonian
derived by taking into account the hopping terms between Cu- and O-sites as a perturbation in
the limit [5]. The idea of the Zhang—Rice singlet is based on this effective Hamiltonian, and
the #—J model is obtained by furthermore considering the motion of the Zhang—Rice singlets
perturbatively with the inclusion of the antiferromagnetic interactions between Cu-holes

Hy=1 Y S8 7.1

x,yeD;lx—y|=1

which is the effective interaction due to the hopping process between neighbouring Cu-sites
[5].

In the | D|-hole case, the present Hamiltonian has degenerate paramagnetic ground states
with one hole per Cu-site and does not exhibit antiferromagnetism which is essential to high-T;
cuprates. This will be improved if we consider the modified Hamiltonian Hy + H; + H,. This
Hamiltonian or more generally the d—p Hamiltonian with H; may be able to reproduce the
essential features of high-7; cuprates, such as antiferromagnetism at low doping concentrations
and charge density order (or a stripe structure) between the antiferromagnetic and the
superconducting states. We believe that further investigations about modified models based
on our Hamiltonian which is now shown to exhibit ODRLO with d-wave symmetry will
contribute the understanding of high-7; cuprate superconductivity.
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Appendix

In this appendix, we shall show that the pairing state @ is non-vanishing when the number of
holes, N, = |D| + N, satisfies N = |D| — 2l,L; with some integer 0 < I, < (L, —2)/2. A
similar argument will show that @, is non-vanishing for 2L; < N < |D|.

Itis easy to see that the collection of the states on the right-hand side of (6.8) is orthogonal.
So @, is non-vanishing if one of those terms is non-vanishing. We shall show that this is the
case. Let

Ar={x=0Gpx) [ 1 <x; <Ly, 1 <xp <2b, x;is odd) (A.1)
and
Ay ={x=(,x) [ 1 <x; <Ly, 1 <x <2, xois even}. (A.2)

Now we pick up the state in (6.8) corresponding to the subset Sp = (A; U Ay) N De.
Substituting ¢, = a, b, 1+ + b, a4 into this state, we obtain

[T@ibor +bopa )W =" (]‘[az,¢bz,¢> [] bevas | wo (A.3)

z€8y TCSy \zeT z€80\T

The collection of the states on the right-hand side of the above expression is again orthogonal.
Let S; = A; N D.. Then it is easy to see that

<<]_[az,¢) (H%.r) W, (Hambm> [T aerbes %> (A4

Z€A| 7€Ay €S| z€80\Si

is nonzero. This implies that the term in (A.3) with 7 = S (and thus the term with § = §j in
(A.3)) is non-vanishing, which concludes that ®, is non-vanishing.
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